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SUMMARY 

It Is of Interest for several reasons, from both the mathe- 

matical and physical points of view, to discuss In detail what 

happens to the various categories of transport equations derived 

from different applications of Invariant Imbedding as the velo- 

city of the neutron Is allowed to become arbitrarily large with 

a corresponding Increase In the probability of a collision. 

This idea Is a quite natural one and one that has been pur- 

sued by a number of different Investigators with different alms 

In mind. Diffusion theory classically has been regarded as an 

approximation to the more rigorous (but, of course, not completely 

rigorous) transport theory under the assumption of high velocity 

and small mean free path. Furthermore, passage to the limit In 

the "telegrapher's equation," a linear partial differential 

equation of hyperbolic type, has been carried out. We shall 

discuss one aspect of this below. 

Our principal aim here Is to study the limits of the non- 

linear functional equations obtained from the transport processes 

with finite velocity as the velocity increases without bound. 

In this way, we obtain corresponding results for heat or diffu- 

sion processes, where the physical picture Is not as clear. 

Having obtained the equations In this Indirect and complex 

fashion, we can then Interpret them In such a way as to be able 

to derive them directly by Invariant Imbedding techniques. In 

all cases, the equations are of the generalized Rlccatl type 

which we recognize as characteristic of these processes of 

mathematical physics. 
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INVARIANT IMBEDDING AND NEUTRON TRANSPORT THEORY—V: 
DIFFUSION AS A LINITINO CASE 

Richard Bellman 
Robert Kalaba 
0. Milton Wing 

1.    Introduction 

In previous papers in this series, we have investigated a 

variety of simple models of transport theory by means of the 

functional equation technique of invariant imbedding.    A number 

of references, together with some discussion of more complex 

versions will be found in  [l] . 

Neutrons are mathematically abstracted to be point 

particles with finite velocities.    Fission and scattering are 

characterized by certain probabilities of branching and 

reversal or reorientation of direction  ("collision cross- 

sections") in the medium within which the process is occurring. 

In the great proportion of cases we assume no neutron-neutron 

interaction, although we have discussed this phenomenon in 

one piper,   [8]. 

It is of interest for several reasons,  from both the 

mathematical and physical points of view, to discuss in detail 

what happens to the various categories of transport equations 

derived from different applications of invariant imbedding as 

the velocity of the neutron is allowed to become arbitrarily 

large with a corresponding increase in the probability of a 

collision. 

This idea is a quite natural one and one that has been 
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pursued by a number of different Investigators with different 

aims in mind. Diffusion theory classically has been regarded 

as an approximation to the more rigorous (but, of course, not 

completely rigorous) transport theory under the assumption of 

high velocity and small mean free path, [2]. Furthermore, 

passage to the limit in the "telegrapher's equation,11 a linear 

partial differential equation of hyperbolic type, has been 

carried out. We shall discuss one aspect of this below. 

From another direction, the discrete random walk process 

yields the diffusion equation in the limit. This observation 

has been made the basis for a considerable amount of analytic 

and computational effort, centering about the theme of "Monte 

Carlo" techniques. 

Our principal aim here is to study the limits of the non- 

linear functional equations obtained from the transport 

processes with finite velocity as the velocity increases with- 

out bound. In this way, we obtain corresponding results for 

heat or diffusion processes, where the physical picture is not 

as clear. Having obtained tne equations in this indirect and 

complex fashion, we can then interpret them in such a way as 

to be able to derive them directly by invariant imbedding 

techniques. In all cases, the equations are of the generalized 

Riccati type which we recognize as characteristic of these 

processes of mathematical physics. 

At the present time, we are studying the question of 

Creating Stefan—type diffusion problems by a similar passage 

to the limit in the equations derived from transport processes 
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with variable boundaries. This Is, as might be expected, a 

complex problem. Some Initial results are given in [9]. 

Throughout the paper, we use a simple generalization of 

the idealised one-dimensional rod process treated in [6] . In 

the following section, we shall obtain some new equations for 

the flux within the rod, assuming finite velocities initially. 

In S3* we derive Pick's law for this simple process. This is 

important for our purposes, since it is the analysis of this 

result which suggests the combinations of functions which 

should be used in the limiting case. In §4, we study the 

limiting form of the internal flux as the velocity becomes 

infinite, and in S5 the diffusion process giving rise to the 

function obtained in this way is analyzed. 

We then turn to the primary objective of this paper, the 

passage to the limit of the nonlinear integro-dlfferential 

equation obtained for the reflected flux in the neutron trans- 

port case by means of the technique of invariant imbedding. 

In the concluding section, we show how to obtain the result by 

direct application of the Imbedding technique to the diffusion 

process. 

Throughout this paper, our methods are largely formal, 

since we are principally interested in demonstrating the 

applicability of invariance principles. The existence of 

relevant limits and the applicability of Laplace transform 

methods are taken for granted in order to arrive quickly at 

the desired equations. In the near future these questions will 

be studied in a rigorous fashion. 

See also [^,4,5] . 
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For the simple mathematica1 models conaiderea hero,  there 

is little difficulty In carrying out this program.    Since, 

however, we know that the passage to the limit involved a 

reduction from a hyperbolic partial differential equation to a 

parabolic partial differential equation,  involving inter alia 

a redundancy in the initial conditions, we can expect some 

difficulties in the general case.    The correspondins study for 

ordinary differential equations when a limitlnc: value of a 

parameter results in a drastic change in the order of the 

equation is of acne subtlety.    Particularly interesting 

examples of equations of this nature occur in various hydro- 

dynamical investigations where viscosity plays the role of th-* 

parameter which approaches  zero;  cf. Wasow,   [lö] . 

2,    The Transport Equation 

To begin our work it is necessary to write down some 

transport equations in fairly general form.    While some of them 

are not to be found in the literature,  they may be readily 

derived by the methods of previous papers. 

Consider a rod of material which transports neutrons,  and 

let the neutrons have constant velocity    c     (monoenergetic 

case).    The usual collision processes take place witn the 

probability of a collision in a length   A    of the rod taken 

to be    <JA + o({\)    where    <?    is a constant.    On the average, 

2k    neutrons emerge from a collision Inside the rod,    k    going 

to the left and   k   going to the right.    We take the rod to 

extend from    0    to    x    (see Figure 1),  and designate the 

. 
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1' ( . t . X • ,_ , . 

o(. ) . 

m ... • ·. r ~ nr'f'lo2' , 

\ t • 
0 .• ;, ( •. i ... . , . . 

i ( .! , •1 <. ·· :: ( X, t ) , 

l /)t · ( x. • - z k(x, z 
J •{/ ' • • 

'l.. 

.'1 1th ( ,j . ' 1 u. on 1c! f:nt ~y 1 ng k wi th 

1' 

Thl s t:lg ."P f'

D 
w t h ~ h ~ · th~ r"a cto :-- / 2 occur r :!.ng hecause p 

P-l . ~ :·: . .. , -_ ... . _ \ 
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Dj and 

1s the 

.urre:1t due .. -1 1tn l s ource, ·1h l e hr . s ot$\1ned f rom & 

eou r c l! of stre ·1_,th 2 . 

! t. l s c ear h 't t 

( ~ ' 
• '- 1..) I 1\( :<. , ) -= 0 . 

'1'~"~ f ind K( O, t ) ilP: no t .,. ··rom ( .f ) that 

Q( 1, t ) = 0- f (' , t ·)- 2q(t ) .. o( ll ) , 

s o that !br ~(t) > , 
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■ 

Clearly,   \n case    q -T   1,     we  have 

^■-;       17 --    ^' PU^ - z)p(x,z)dZ, 
: 

■ (>"• *   )   ~ 0,     ? (0, t)   = — ao . 

■ 

-> 

i-.-    . Ss. , 
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